Recently, quantum systems with D-dimensional bases states (D > 2) or quDits have attracted much attention in the context of fundamental tests of quantum theory and potential applications in quantum information. In this paper, we discuss several schemes for generating entangled states of two ququarts (four-dimensional quantum systems). The ququart in our scheme is based on frequency-nondegenerate biphoton states of spontaneous parametric down-conversion and we show how the entangled states between two ququarts can be generated with simple linear optical elements, such as an ordinary 50/50 beamsplitter, a polarizing beamsplitter, or a dichroic beamsplitter. We also show that our scheme is capable of generating postselection-free two-ququart entangled states efficiently.
INTRODUCTION
Quantum correlation between two or more particles, i.e., entanglement, plays a central role not only in studying the foundations of quantum theory but also in quantum information research, including quantum computation, quantum teleportation, quantum dense coding, etc.
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D-dimensional quantum systems (D > 2) or quDits have attracted much attention recently, due to the potential applications in quantum information processing and fundamental tests of quantum theory. For example, quDit states can be used for multi-party quantum communication and it is known that entangled states of quDits can violate Bell's inequality more strongly than entangled states of qubits. [4] [5] [6] This paper reports a theoretical study on how to efficiently generate entangled states of two four-dimensional quantum systems (ququarts) for photons, i.e., photonic two-ququart entangled states, using only linear optical elements, such as an ordinary 50/50 beamsplitter, a polarizing beamsplitter, or a dichroic beamsplitter.
Qubit states can be implemented by using any possible degrees of freedom of photons. A few often used choices include polarization, path, and/or spectrum of photons. Just as the case of qubits, quDit states may also be implemented by using any possible degrees of freedom of photons. Well-known photonic quDit states include angular momentum states of photons and multiple spatial paths.
Recently, there have been attempts to encode quDit states on the joint state of a photon pair. Encoding a basis state on a pair photon state has some unique advantages. First of all, basis state detection schemes require coincidence detections which eliminate detector dark count noises efficiently and are quite robust to other optical noises. Secondly, there is no need to "simulate" the required pair photon states (as is the case for single-photon sources) as they can be efficiently generated by using spontaneous parametric down-conversion processes.
For example, Ref. [7, 8] report on preparation of qutrits (three-dimensional quantum states) on the joint polarization states of the photon pair (biphoton) generated via spontaneous parametric down-conversion (SPDC).
Preparation and measurement schemes for ququart states using the biphoton polarization states of SPDC have also been reported quite recently. 9 An interesting and important property of the biphoton ququart states reported in Ref. [9] is that due to they are invariant under SU(2) transformations so that it is possible to prepare and switch between all four basis states using only linear optical elements (phase plates).
In this paper, we report on linear optical methods for efficiently generating two-ququart entangled states in which each ququart is encoded on a biphoton polarization states of SPDC as in Ref. [9] . In the next section (section 2), we introduce the preparation and measurement schemes of ququarts encoded on the biphoton states of frequency non-degenerate collinear SPDC. In section 3, we explore linear optical schemes to generate entanglement of two biphoton ququarts. Three different basic schemes, based on an ordinary 50/50 beamsplitter, a polarizing beamsplitter, and a dichroic beamsplitter, will be discussed.
BIPHOTON QUQUART
The photonic four-dimensional quantum state or ququart in this paper is based on the biphoton polarization state of frequency-nondegenerate collinear spontaneous parametric down-conversion. The four basis states that form the ququart is defined as,
It is straightforward to show that each of the above states are orthogonal to each other and they are the basis states that form the four-dimensional Hilbert space.
The above basis states can be implemented experimentally with relative ease, compared to other higher dimensional photonic states such as angular momentum quDits and spatial quDits. By making use of frequencynondegenerate collinear type-I SPDC, it is possible to generate two horizontally polarized photons of different frequencies which correspond to the first basis states in the above equation. (Since these photons propagate collinearly with the pump laser, it is necessary to filter the pump beam by using some frequency-seletive devices, such as a spectral notch filter, a prism, etc.) Even though these two photons occupy the same spatial and temporal modes, by using frequency-selective wave plates (multiple order wave plates can do the job efficiently), it is possible to rotate the polarization state of only one of the photon. This allows one to easily switch among all four basis states by using linear optical elements alone.
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The most general single-ququart state is formed by the coherent superposition of all of the above basis states and given as,
where c i = |c i |e iϕ are the complex probability amplitudes and satisfy the normalization condition
To generate the single-ququart state in eq. (2) with the full control of amplitudes and phases, it is necessary to have four individual (but coherent) biphoton sources (four nonlinear crystals, pumped coherently), each providing a probability amplitude for a specific ququart basis states shown in eq. (1). However, in real life, two individual sources or two coherently pumped nonlinear crystals are quite sufficient to generate many interesting ququart states with suitable controllability.
For example, collinear two-crystal geometries used for Bell-state experiments can be used for our ququart state generation without too many modifications. [10] [11] [12] [13] More detailed information on the two-crystal schemes for preparation and measurement of single-ququart states, refer to Ref. [9] .
LINEAR OPTICAL SCHEMES FOR ENTANGLING TWO QUQUARTS
Let us now discuss how to entangle two ququarts using linear optical elements only. We first consider the use of an ordinary 50/50 beamsplitter in section 3.1. In sections 3.2 and 3.3, we consider the use of a polarizing beamsplitter and a dichroic beamsplitter, respectively. H d Figure 1 . Biphoton ququarts are entering the beamsplitter from the modes a and b. This beamsplitter could be an ordinary 50/50 beamsplitter (section 3.1), a polarizing beamsplitter (section 3.2), or a dichroic beamsplitter (section 3.3). Our goal is to find the forms of output ququart states for different input ququarts states and for different beamsplitters.
For simplicity, the biphoton ququart basis states will be expressed as,
The most general biphoton ququart superposition state in eq. (2) can then be expressed more conveniently as,
The situation under consideration requires two biphoton ququarts, each occupying the input ports (a and b) of a beamsplitter shown in Fig. 1 . We also assume that the two ququarts entering the beamsplitter are given as,
and
The input state is, quite obviously, a product state of two ququarts given as,
To calculate the output state, it is necessary to evaluate the corresponding beamsplitter unitary transformation matrix and calculate the output state based on the specific input ququart state. We first show the results in the case of an ordinary 50/50 beamsplitter. The other two cases (polarizing beamsplitter and dichroic beamsplitter) are discussed later in this section.
Ququart interference at an ordinary 50/50 beamsplitter
The well-known unitary transformation due to an ordinary 50/50 beamsplitter shown in Fig. 1 can be expressed as,
whereĉ, for example, is the annihilation operator for a photon in mode c. The subscript i refer to the polarization state of the photon, i.e., H or V and j refer to the wavelength of the photon, i.e., λ 1 , λ 2 .
Since a single-photon with a certain frequency has two spatial and two polarization degrees of freedom, the beamsplitter unitary transformation on the single-photon with fixed wavelength λ i is given by a 4 × 4 matrix,
Since the beamsplitter unitary transformation does not depend on frequency and polarization, U λ1 = U λ2 .
The ququart is in fact a biphoton system hence two ququarts interfering at a beamsplitter can be seen as four independent photons entering the beamsplitter. The relevant unitary transformation in this case is calculated to be,
This 256 × 256 matrix describes all possible transformations by an ordinary 50/50 beamsplitter for general four-photon states entering the beamsplitter.
In our case, in which two photons are in mode a and the other two photons are in mode b in the states |ψ a in eq. (3) and |ψ b in eq. (4), the situation gets simpler and it is found that, for the output photon states in modes c and d, there are only 16 non-vanishing amplitudes. The output state can be written as,
where |O includes all the four-photon amplitudes which cannot be represented in ququart basis states defined in eq. (1). These terms are of no interest to use since they do not get registered by the ququart measurement setup.
9
It is easy to see that the postselected output state is a two-ququart entangled state if,
By using a bit simpler input ququart states, it is possible to generate two-ququart entangled states that are more robust and easier to manage experimentally. For example, consider the ququarts states that can be easily generated by using the usual two-crystal geometry.
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The output ququart state is then calculated to be
If the input ququart state |ψ a in the above example is changed to a simpler state, |ψ a = |1 a , the output state changes to
This turns out to be the simplest example (requiring simplest input ququart states) in which two-ququart entanglement is generated. Note that the output ququart states are always postselected by the detection electronics in the case of an ordinary 50/50 beamsplitter.
Ququart interference at a polarizing beamsplitter
Describing ququart interference at a polarizing beamsplitter is somewhat simpler compared to the earlier case, mainly due to the fact that a polarizing beamsplitter induces the following transformation in Fig. 1 .
The subscript j refer to the wavelength the photon λ j = λ 1 , λ 2 . Using the above relation, the unitary transformation by a polarizing beamsplitter on a single-photon with fixed wavelength λ 1 is given by a 4 × 4 matrix.
As before, the unitary transformation by a polarizing beamsplitter does not depend on the wavelength of the photon, so that U λ1 = U λ2 . Again, the unitary transformation by a polarization beamsplitter for four photons is given as,
which is a 256 × 256 matrix, describing all possible transformation by a polarizing beamsplitter for four entering photons.
For the given ququart input state in eq. (5), the output state after passing through the polarizing beamsplitter is given as a superposition of 16 different amplitudes. As before, there are amplitudes which cannot be expressed in terms of biphoton ququarts in mode c and mode d. Since these amplitudes do not result in detected events in ququart measurement setup discussed in Ref. [9] , we simply write the postselected amplitudes as the final output ququart states,
which is an entangled state of two ququarts, a ququart in mode c and a ququart in mode d.
Let us now try a bit simpler input ququart states,
The output postselected ququart state is given as
which is an entangled two-ququart state.
In the case of an ordinary 50/50 beamsplitter, it is possible to obtain an entangled ququart output state even if one of the input state is not a superposition state, as evidenced in eq. (11) . For a polarizing beamsplitter, the same is no longer true. To obtain a two-ququart entangled state by using a polarizing beamsplitter, both input ququart states needs to be superposition states of the same basis states.
Ququart interference at a dichroic beamsplitter
We now consider two ququarts interfering at a dichroic beamsplitter. A dichroic beamsplitter is designed to reflect a photon of with the wavelength λ 1 and to transmit a photon with the wavelength λ 2 . Then, each photon entering a dichroic beamsplitter in Fig. 1 will be transformed in the following way.
where the subscript i refer to the polarization state of a photon, i.e., H or V and subscripts 1, 2 refer to wavelengths λ 1 and λ 2 , respectively. 
As before, the unitary transformation for four photons of two biphoton ququart states is given by,
For the input ququart state in eq. (5), the output ququart state following the dichroic beamsplitter unitary transformation is calculated to be,
It is interesting to note that, in this case, the 16 terms are all the non-vanishing terms. No postselection of amplitudes is necessary. If the input state is equal superposition of all ququart amplitudes, c 1 = c 2 = c 3 = c 4 and c 1 = c 2 = c 3 = c 4 , the dichroic beamsplitter unitary transformation result in a two-ququart product state output, that is,
It is however possible to generate a postselection-free two-ququart entangled state, if the input ququart states are slight modified,
The output state after passing through the dichroic beamsplitter shown in Fig. 1 
SUMMARY
In this paper, we have proposed several schemes to generate entanglement of two ququarts, which are based on biphoton polarization states of frequency-nondegenerate spontaneous parametric down-conversion. Quantum interference occurs for ququarts entering a beamsplitter through two different input ports and, in some cases, entanglement of two ququarts can be obtained. We have explicitly analyzed ququart quantum interference for three different kinds of beamsplitters, an ordinary 50/50 beamsplitter, a polarizing beamsplitter, and a dichroic beamsplitter, and identified necessary input ququart states for generating two-ququart entangled states at the output ports of the beamsplitters. In addition, we identified the conditions for generating postselection-free two-ququart entangled states using a dichroic beamsplitter.
